Abstract. The presence of discrete dividends complicates the derivation and form of pricing formulas even for vanilla options. Existing analytic, numerical, and theoretical approximations provide results of varying quality and performance. Here, we compare the analytic approach, developed and effective for European puts and calls, of Buryak and Guo with the formulas, designed in the context of barrier option pricing, of Dai and Chiu.
Introduction
Following Buryak and Guo [3] , we focus on the analysis of a stock process S t that jumps down by dividend amounts d i at times t i . At non-dividend times, S t follows a geometric Brownian motion with flat volatility σ. In this context, we have
where r is the risk-free interest rate, δ is the Dirac delta function, and W t is a Wiener process. (The book by Hull [8] serves as a standard reference on these matters.) The Black-Scholes partial differential equation
models the dynamics of the option price. Here, S denotes the (spot) asset price, σ denotes volatility, and r denotes the flat interest rate. The presence of discrete dividends complicates the derivation and form of pricing formulas even for vanilla options, let alone barrier options or more exotic instruments. Existing analytic, numerical, and theoretical approximations provide results of varying quality and performance. One possibility, discussed by Frishling [5] and used under the name "Model 1" for the sake of comparison by Dai and Chiu [4] , holds that the difference between the stock price and the present value of future dividends over the life of the option follows a lognormal diffusion process. More involved approaches, like those of Buryak and Guo [3] and Dai and Chiu [4] , respectively, allow more sophisticated and sensitive incorporation of factors influencing the option price (volatility, barriers, etc.). Numerical approximations, including Monte-Carlo methods, lattice methods, and Crank-Nicolson schemes, often provide benchmarks for other methods, whether sophisticated or naive.
In §2, we describe the analytic approximations from Buryak and Guo [3] : the spot volatility adjusted, strike volatility adjusted, hybrid, and hybrid volatility adjusted approximations. The latter approximation originates in the paper [3] , where it performed well in pricing calls and puts. In §3, we set up the analytic pricing formula, valid in the absence of discrete dividends, for up and out barrier options. In §4, the performance of the Buryak and Guo hybrid volatility adjusted approximation, adapted to the setting of barrier options, can be seen in charts that incorporate data from Dai and Chiu [4] . In §5, we briefly sketch directions for further work on these and related problems.
The analytic approximations
The conventional Black-Scholes formulas
do not provide for the possibility of stocks with discrete dividends.
Here, C and P denote Call and Put, respectively. We also have stock (spot) price S 0 , strike price K, time T to maturity for the option, Φ the cumulative Gaussian distribution function, and b i that satisfy
2.1. Spot volatility adjusted approximation. Beneder and Vorst [1] use an approximation that, roughly speaking, adjusts some of the Black-Scholes parameters and then adjusts the volatility to refine the correction. To incorporate the dividend information, one might subtract the present value of the dividends
from S 0 , producing the adjusted valuẽ
They observed that, provided the local volatility (of a stock process with discrete dividends) is constant, the process without dividendinduced jumps should then have non-constant local volatilities
where 6) with N being the number of dividend payments in (0, T ) and the sum restricted to include only those payments occurring after time t, with j(t) the index of the first dividend payment at or after time t.
In light of this volatility adjustment, the corresponding variance can be averaged on (0, T ), yielding
7) with t N being the time of the last dividend payment in (0, T ).
Replacing S 0 byS 0 and σ by σ S in (2.1) and in (2.2) yields
and
(2.9)
Call the above scheme the spot volatility adjusted approximation, the spot VA approximation.
2.2.
Strike volatility adjusted approximation. Buryak and Guo [3] introduce a different approximation based on the set-up of Beneder and Vorst [1] . First, following Frishling's description [5] of a strike approximation, they modify the strike price from K toK by setting
a natural analog of (2.4). Next, the volatilities get adjusted by considering the non-constant local volatilitiesσ
where
with N being the number of dividend payments in (0, T ) and the sum restricted to include only those payments occurring before time t, with j(t) the index of the first dividend payment at or before time t. With this volatility adjustment, the corresponding variance can be averaged on (0, T ), yielding
(2.13) with t N being the time of the last dividend payment in (0, T ).
Replacing K byK and σ by σ K in (2.1) and in (2.2) yields
(2.15)
Call the above scheme the strike volatility adjusted approximation, the strike VA approximation. 
Here,
In contrast with the Spot VA and Strike VA approximations described above, this method does not adjust the volatility. Call the above scheme the hybrid approximation. 
Here, with N being the number of dividend payments in (0, T ), the spot sum gets restricted to include only those payments occurring after time t, with j(t) the index of the first dividend payment at or after time t, and the strike sum restricted to include only those payments occurring before time t, with j(t) the index of the first dividend payment at or before time t.
In both instances, the corresponding variance can be averaged on (0, T ),
and 24) with t N being the time of the last dividend payment in (0, T ).
25) and use the set-up described by (2.16). For calls, this approximation then requires no further adjustments. Puts require further adjustment. (See the Buryak-Guo [3] discussion of Liquidator and Survivor dividend policies, based on considerations described in Haug [6] .) Call this scheme the hybrid VA approximation.
Barrier options
We follow the books of Haug [7] and Levy [9] , and we use the notational structure of Haug.
An up and out call option ceases to exist when the asset price reaches or goes above the barrier level B. For the up and out call, we follow the formulas available on p.152-153 of Haug [6] (also see (9.77) in Levy [9] ). These formulas, in turn, originate in the work of Merton [10] and Reiner and Rubinstein [11] . The up and out call option pays max(S − K, 0) if S < B holds for all times up to T , and, otherwise, it pays a rebate R. Then
Performance
We compare the Hybrid VA approach, applying the adjusted spot, strike, and volatility parameters described in Section 2.4 to the barrier option formulas in Section 3, with some work from Dai and Chiu [4] . The Hybrid VA and HVA Error columns are new, and the other columns first appear in the work of Dai and Chiu.
The details of this test example appear first in their Figure 2 on page 1377, and it provides the default values for our later comparisons. There, the risk-free rate is 3%, the volatility is 20%, the strike price is 50, the barrier is 65, and the time to maturity is 1 year. A discrete dividend 1 is paid at 0.5 year. We use Maximum Absolute Error and Root-Mean-Squared Error as performance indicators.
S(0)
MC Table 5 . Varying initial stock price for barrier call, two discrete dividends When studying the difference between the two models, Model1 and HVA, in the situation of changing S(0) for a barrier call with two dividend payouts, the differences in the errors become apparent. Both performed poorly, but the HVA error was smaller in magnitude. Table 6 . Varying payout amounts for barrier call, two discrete dividends When changing the payout amounts for two discrete dividend payouts in a barrier call, again both did poorly, but, in this instance, in contrast with Table 6 just before, Model1 yielded tighter results.
Further Work
The tables in Section 4 show that the method of Dai and Chiu handily outperforms the Hybrid VA method. It can also be seen that the Model 1 approach and the Hybrid VA approach each have strengths in certain parameter regions, but neither really compete with the method of Dai and Chiu.
The paper of Buryak and Guo [3] introduces the Hybrid VA to price European calls and puts, and, for that purpose, the method performs reasonably well. Because their approach doesn't see or make use of barrier information, it should not be surprising that the modified spot, strike, and volatility information on their own do not perform as well for barrier options. Further, the sharp results of the method of Dai and Chiu, while derived with solid theoretical justification, also require nontrivial calculations to deduce. In particular, their paper [4] treats only the single-and double-dividend cases in detail.
It would be interesting to modify or to refine the Hybrid VA method in a manner that shows greater sensitivity to the context of barrier options, say by incorporating the barrier value. Ideally, an improvement would retain the analytic flavor of the existing Hybrid VA method of Buryak and Guo and would achieve results closer to the method of Dai and Chiu (and to numerical benchmarks like Monte Carlo methods or Crank-Nicolson schemes).
